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Abstract Let F be a complex foliation by Riemann surfaces defined by a trivial (in
the differentiable sense) fibration 7 : M — B but for which the complex structure
on each fibre 7 ~!(¢) may depend on t. Let 0 : B —> M be a section of 7 contained
in a F-relatively compact subset of M. We prove: for any F-relatively compact open
set U containing ¥ = o (B) and any integer s > 0, there exists a function U — C of
class C* nonconstant on any leaf of (U, F), meromorphic along the leaves and whose
set of poles is exactly X.

Keywords Complex foliation - Leafwise - Dolbeault cohomology - F-meromorphic
function

1 Preliminaries

Let M be a differentiable manifold of dimension 2m + n endowed with a dimension
2m orientable foliation F.

Definition 1.1 We say that F is complex if it can be defined by an open cover
U = {U;} of M and diffeomorphisms ¢; : Q; x O; — U; (where 2; is an open
polydisc in C™ and O; is an open ball in R”) such that, for any pair (i, j) with
U;NU; # ¥, the coordinate change ¢;; = qu_loqb,- :qbi_l(U,-ﬂUj) — qu_l(U,-ﬂUj)

is of the form (z/, ') = ((pilj (z, 1), qﬁizj (t)) with qbi]j (z, t) holomorphic in z for 7 fixed.
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262 A. El Kacimi Alaoui

An open set U of M like one of the cover U/ in Definition 1.1 is called adapted
to the foliation. Any leaf of F is a complex manifold of dimension m. The notion of
complex foliation is a natural generalization of the notion of holomorphic foliation
on a complex manifold. A manifold M with a complex foliation F will be denoted
(M, F).

Let (M, F) and (M’, F') be two complex foliations. A morphism from (M, F) to
(M', F') is a differentiable map f : M —> M’ which sends every leaf F of F into a

leaf F’ of F' such that the restriction map F L s holomorphic.

We say that a morphism f : (M, F) — (M’, F') is an isomorphism of complex
foliations (automorphism of (M, F) if (M, F) = (M’, F)) if f is a diffeomorphism
whose restriction to any leaf ¥ —> F’ [where F’ = f(F)] is a biholomorphism.
We say that two complex foliations F and F’ on M are conjugated if there exists an
isomorphism f : (M, F) — (M, F’). Automorphisms of F form a group denoted
G(F).

1.2 Examples

i) Any complex manifold M of dimension m is a complex foliation of dimension
m. Its automorphism group is exactly the automorphism group of the complex
manifold M.

ii) Any holomorphic foliation (on a complex manifold M) is a complex foliation.

iii) Let B be a differentiable manifold and M an open set of C" x B. Fort € B,
M; = {z € C™ : (z,t) € M} is an open set of C™ called the section of M
along 7. The connected components of the sections of M are leaves of a complex
foliation F of dimension m called the complex canonical foliation of M.

iv) Let F be a complex manifold and B a differentiable one. Any locally trivial
fibration F — M — B whose cocycle takes values in the complex automor-
phism group Aut(F) of F is a complex foliation, the fibres being the leaves.
If the fibration is trivial i.e. M = F x B, we say that F is a complex product
foliation. In that case all the leaves are holomorphically equivalent. Suppose that
JF is a complex foliation on M = F x B whose leaves are the factors F' x {t}
but the complex structure may depend on #; then we say that F is a differentiable
product.

v) Let p; : R —> R and p; : R* —> R be functions of class C' satisfying the
following conditions:

o p1(—1) = p1(t) and p2(—1) = p2(?);

e pi(1)=0and p; <Oon]—1,+1[;

e pj is strictly increasing on [1, +oo[ and lim;_, 1 p1(t) = 1;

e p isstrictly decreasing on ]0, +o0o[, lim;— o0 02(¢) = landlim,_, o+ 02()
= +00.

Let M be the openset of Cx R definedby M = {(z,1) e C x R : p1(¢) < |z] < pa(t)}
equipped with its canonical complex foliation F. Then the leaves are: C if 1 = 0, open
discs for r # 0 and |f| < 1, two punctured discs if |f| = 1 and the others are annulus.
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On the open set N = {(z,¢) € M : t > 1} the complex foliation Fy is a differ-
entiable product. Two leaves are never isomorphic; each one has a complex structure
coded by the ratio e(t) = %‘ Since &(t) # (¢’) for t # ', any automorphism of
Fy must be the identity on the transversal. Then the automorphism group G (Fy) of
F is generated by the group C*°(]1, +o0[, S') and the map (z, 1) — (M, t)

which preserves each annulus.

Question 1.3 Does the odd sphere S+ support a codimension one complex folia-
tion?

Of course, yes for S> (any orientable foliation by surfaces is a complex one). In
higher dimension I already asked this question in 1995 during a lecture I gave in the
seminar Géométrie dynamique at Université de Lille 1. A construction of such foliation
on the sphere S° was announced by Meersseman and Verjovsky (2002). But recently
they have discovered that the manifold supporting this foliation is in fact a bundle
over the circle with fibre a projective Fermat surface [cf. Meersseman and Verjovsky
(2011)]. Even the authors have failed to answer the question for S° their example is
highly non trivial and interesting. But the question now remains open.

2 The 3 =-Cohomology

Let (M, F) be a complex foliation of dimension m. Let APY(F) be the space of
foliated differential forms of type (p, ¢) that is, differential forms on M which can be
written in local coordinates adapted to the foliation (z,7) = (21, ..., Zm, t1s - -+ In)
(the foliation is defined by the differential system df; = --- = dt, = 0):

o= Zajl~-~j]7klmkq(z’ ndzj A--- /\dsz ANdZgy A /\dqu

where the coefficients aj, .. Jpki...k, are functions of class C* and C*° along the leaves
(with s € N U {oo}. Let ar : API(F) —> AP-9T1(F) be the Cauchy-Riemann
operator along the leaves defined by:

m

— Oy jpky..k - - =
dra = Z(Z%(z,mkk Adzj A+ Ndzj, AdZg /\--~/\dqu)
(=1

9 __1[39d .9 . _ . . 72
where 7 = E{m + zm} with z; = xi + iyx. It satisfies 9 7 = 0, hence we have

a differential complex 0 —> APY(F) 25 arl(Fy 25 ... 25 apm-1 gy 22,
AP™(F) —> 0 called the 8 z-complex of (M, F); its homology HZ1 (M) is called
the foliated Dolbeault cohomology (or the 3 £-cohomology) of the complex foliation
(M, F).Itis locally trivial i.e. we have a:

Lemma 2.1 Foliated Dolbeault—Grothendieck Lemma. Let x € M. Then there exists

an open neighborhood U of x adapted to the foliation such that, for every p =
0,....m, H¥(U) =0forq > 1.
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264 A. El Kacimi Alaoui

The proof is a straightforward adaptation to the parametric case of the classical one.

One can describe the cohomology H ;_7-* (M) by using a sheaf which is analogous to
the sheaf of germs of holomorphic p-forms on a complex manifold. A p-form « is said
to be F-holomorphic, if it is foliated, of type (p, 0) and satisfies 5}-05 = 0. Locally,
a F-holomorphic p-form can be written: & = >« j,(z, 1)dzj, A --- Adzj, with
%y, holomorphic on z.

Let H;— be the sheaf of germs of F-holomorphic p-forms on M and AP (F) be
the sheaf of germs of differential forms of type (p, ¢) on F; APY(F) is a fine sheaf.
Lemma 2.1 implies the:

Proposition 2.2 The sequence 0 — Hg_- — APO(F) A7 2 APM(F) — 0
is a fine resolution opr]_-. Sowe have H1 (M, ch) = H;_q (M),forp,q =0,1,...m.

If n > 1, this resolution is not elliptic; it is only elliptic along the leaves. Hence the
cohomology H*(M, Hp}-) is not necessarily finite dimensional even if the manifold

M is compact.

Any isomorphism of complex foliations (M, F) —f> (M’, F') induces an isomor-
phism f* : H*(M', Hg-,) — H*(M, H;—). In particular H*(M, H;-) depends only
on the complex conjugacy class of F.

For p = 0, we denote Hr the sheaf HY; its sections over an open set U of M
are F-holomorphic functions on U; they form a complex vector space which we will
denote by HO]_-(U ) and simply H(U) in case the codimension of F is zero, that is, M
is a complex manifold and the foliation has just one leaf, M itself.

Let p € N. An open set U of M (with the induced foliation) is said to be p-acyclic,
if H1(U, H;—) = 0 for any ¢ > 1. An open cover U = {U;} is p-acyclic if, for any
multi-index (ig, . .., i) of I, the openset U;,. ;, = U;,N---NU;, is p-acyclic. We can
easily see by Lemma 2.1 that such open cover exists and, in addition, can be chosen
locally finite. By Leray’s Theorem (c¢f. [Gm]), H*(M, Hg_-) = H*U, Hg_-) for any
locally finite p-acyclic open cover U.

We have two ways for computing the 3 -cohomology of : using foliated differ-
ential forms of type (p, ¢) and the 3 7 operator or a locally finite p-acyclic open cover
U adapted to the foliation and Céch method. Both of the two points of view will be
interesting for our purpose.

Let us start with a simple example. Let F' be a complex manifold of dimension m
and B a differentiable manifold. We denote by C*(B) the complex vector space of
complex C* (with s € NU {oo}) functions on B. The following proposition is easy to
prove.

Proposition 2.3 Suppose that the complex foliation is defined by a locally trivial

fibration F — M B (the cocycle is with values in the biholomorphism group of
the complex manifold F ). Then:

HIZ'(M) = HP*(F) ® C°(B)

where HP*(F) is the Dolbeault cohomology of the complex manifold F. In particular,
Hg-* (M) = 0 for x > 1 if the the fibre F is a Stein manifold.
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On Leafwise Meromorphic Functions with... 265

2.4 Open Questions

Some questions inspired by the classical complex analysis are natural. Let M be a
differentiable manifold with a complex foliation F of dimension m.

Question 1. Suppose that every leaf is closed (in the topological sense as a subset
of M) and Stein that is, it can be embedded in some CV). Is H;)_-q (M) =0forqg > 1?

A weak version of this question is obtained by imposing an extra hypothesis on the
foliated manifold (M, F).

Question 2. Suppose that every leaf is closed and Stein and that F is a complete Rie-
mannian foliation (the normal bundle 7 M /T F admits a Riemannian metric invariant
along the leaves). Is H;q(M) =0forg > 1?

In fact, by a localization procedure, question 2 can be reduced essentially to the
following one.

Question 3. Suppose that M is a diffentiable product F' x B where F is a Stein
manifold and B is a ball of R"; each leaf F x {t} is diffeomorphic to F but has a
complex structure which may depend on # € B and is Stein. Is H;q(M ) = 0 for
qg =17

For a study of foliated Dolbeault cohomology and its explicit calculus on some
complex foliations with a more complicated dynamics see El Kacimi Alaoui and
Slimene (2010). Also results on the d-problem along the leaves can be found for
instance in Gigante and Tomassini (1995).

2.5 Zeros and Poles

Suppose that the dimension of F is 1 that is, the leaves are Riemann surfaces. Let U
be an open set of M with the induced complex foliation F.

Let f : U — C be a F-holomorphic function and let Z be the set of its zeros.
The restriction of f to any leaf F is a holomorphic function; then, if f : F — C s
not identically zero, Z N F is a discrete set of F. So in a neighborhood of a point of
Z N F where f does not vanish identically, Z N F is ‘transverse’ to F.

We say that a function f : U —> C is F-meromorphic, if its restriction to any
leaf is a meromorphic function. Let P be the set of poles of f; then, similarly to the
case of zeros, the intersection of P with any leaf is a discrete set of F' [see El Kacimi
Alaoui (2010)].

2.6 Statement of the Main Result

From now on F will be a complex foliation by Riemann surfaces on a differentiable
manifold M.

Main Theorem. Suppose that F is defined by a differentiable trivial fibration
w: M — B.LetX : B —> M beasection of & contained in a F-relatively compact
subset of M. Then for any relatively compact open set U containing ¥ = o (B) and
any integer s > 0, there exists a function U — C of class C® nonconstant on any
leaf of (U, F), meromorphic along the leaves and whose set of poles is exactly X.
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266 A. El Kacimi Alaoui

This result is a weak parametric version of Mittag—Leffler Theorem. A strong
version was already established in El Kacimi Alaoui (2010) in case the leaves are
noncompact, simply connected or with Z as common fundamental group.

The remaining part of the paper will be devoted to the proof of the Main Theorem
stated above. It will result in a series of lemmas and propositions for which some of
our proofs are inspired from methods developed in Forster (1981). The main difficulty
here is the control step by step of the transverse regularity and this is far to be a trivial
job.

Without lost of generality we may suppose that » = 1 and B is an open interval
I of the real line R (containing the origin) or the circle S!. We choose to treat the
case B = [I. All leaves are noncompact and diffeomorphic. Let My be a leaf of
JF'; there exists a diffeomorphism & : M — My x I such that, for any ¢ € I,
M, = (M x {t}) is a leaf of F that is, if My x I is equipped with the foliation
Fo whose leaves are My x {t} with ¢t € I, the two foliated manifolds (M, F) and
(Mo x I, Fo) are differentiably isomorphic.

A F-open set (resp. a F-closed set) of M is an open set of the type Up x I (resp. a
closed set of the type Fy x I) where U is open in M (resp. Fy is closed in My). A
F-open cover is a cover of M by F-open sets. The unions and finite intersections of
JF-open sets are also F-open sets. A subset E of M is F-connected if, forany t € I,
E, is connected; it is F-compact (resp. F-relatively compact) if there exists a compact
(resp. relatively compact) set Ko of My such that E C Ko x I. Let Y/ = {U;} and
Y = {V;} two F-open covers indexed by the same set; the notation V <« U means
that, for any i, V; is contained in U; and is F-relatively compact in this set.

Let I denote the common fundamental group of the leaves. The case where I is
trivial or isomorphic to Z was studied in El Kacimi Alaoui (2010). So we will suppose
that T is non Abelian; then the universal covering of each leaf is the upper half plane
H={z=x+iy:y>0}.If E is a subset of M, E; will be its intersection with ;.

3 Spaces of F-Holomorphic Functions

Let U C C x I be an F-open set and s € N. Let H’-(U) be the space of functions
U — Cofclass C* and F-holomorphic; the space of basic functions (constant on the
leaves) is a subspace of Hs]_-(U ) and is canonically isomorphic to the space C* (/) of
functions of class C* on the interval /. For any function f € H’-(U), any measurable
subset E C U,anyt € [ andk € {0, 1, ..., s}, we set:

1

ka 2 2
Jo(f, E) = ——| dzdz
W(f ED (/E & zz)
and:
ok f
Ni(f, E) = sup |——(z,1)|.
(z,t)€E ark
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On Leafwise Meromorphic Functions with... 267

We denote by Hé_’-s(U ) the space of functions f € H’(U) such that, for any k =
0,...,s:

sup Ji (f, Up) < +00

tel

We equip this space with the norm:

[Supfk(f, Uz)]

113,y = max
’ k=0 tel

,,,,,, 3

for which it will be complete as we shall show.
Now, we consider the functions f € H’-(U) satisfying the condition:

Ni(f,U) < 400

forany k € {0, 1, ..., s}. These functions form a vector space H?_’-S (U) which can be
equipped with the norm:

1 e = max Ne(f.0).

...... s

By the usual methods one can easily prove that it is complete.

One can observe that, if the measures of the U, are uniformly bounded, we have
HoP (U) € HE ().

The space B* of basic functions of class C* whose derivatives up to the order s are
bounded equipped with the norm:

isaBanach algebra. Note that B* is a subspace of Hl;j-s (U) whileitis not one of Hé_’f )
except if the measures of the sections U; (with ¢t € [) are uniformly bounded. But

both of the spaces H?_’-S (U) and Hé}S(U ) are B*-modules. Let:

¢

dtk

lll% = max [Sup
k=0,....s | rer

Hy(U) = (| HE W), HEW)=[|HF W) and B=[)B"
seN seN seN

These are Fréchet spaces whose topologies are respectively defined by the countable
families of norms considered above:

I e vt,ans 50ty and {11 15} sen -
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268 A. El Kacimi Alaoui

Now we suppose U = B = By x I where By is the open ball centered at a of radius
r > 0 of the complex plane C. Any function f € H’-(U) admits an expansion:

f@n=> fHe—a)"

n=0

where the coefficients f, are functions in ¢ € I given by the integral Cauchy formula:

1
fuy = = [ L&D

2ir Jy, (z —a)"t!

Here {y;} is a differentiable family of circles centered at @ and y; C B;. This shows
that f, € B¥if f € H;’—S(U )or f € H}}’-‘Y(U ) and that the sequence (indexed by N):

N
NG = fa)z—a)

n=0

converges to f both in the spaces ’H?L‘-S(U ) and H?—S(U ). The spaces Hi_’-s(U ) and
H?_‘-s(U ) are free modules over the Banach algebra B* with basis {¢, (z)},en Where
$n(2) = (z—a)".

A simple computation shows that the L?-norm ||¢y, |2 of ¢, (considered as a func-
tion in the ball By) is:

ﬁrn+l
llPnllr = ——
vn+1
from which we deduce that, for any s € N, we have:
rn+1
L fuall3, 5 = 11 fullie *\/F_
Then:
\/_ n+1
f115,5 < annn N
n=0

Theorem 3.1 Let D C Cbe anopensetandr > 0. We set D, = {z € C : Bo(z,r) C
D}, U=Dx I and U, = D, x I. (Here By(z, r) is the open ball centered at 7 with
radius r in C.) Then, for any function f € Hz}’-s(U ), we have:

1 11,0, < 15,0

1
Jrr
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Proof Let (a,t) € U,. Then,on B = By x I, wehave f(z,1) = > o2 fu(t)(z—a)".
So f(a,t) = fo(t) and then, for any k =0, ..., s, we have:

dk Jk
d'f dJl:o (t)

dk(a 1)

1 2
< —=J(f, B)

—J D
= I (f, D).

\/_

Taking the upper bound of this quantity over ¢+ € [ and the maximum on k£ €

{0, 1, ..., s}, we obtain the following relations:
d* f 1
g =sup|—-(a,t)| < — p
111000, Urp dtk( )| = ﬁrllfllz,u
which are exactly the desired inequalities. &

Corollary 3.2 The space H?_’-S (U) equipped with the norm || ||§’ y IS complete.

4 Proof of the Main Theorem

For brev1ty, we will agree to the following definition: a submodule A of the B*-module
H *(U) is of finite cotype [(FC)-submodule for short] if the quotient B*-module

Hi_—s( U)/ A is finitely generated (or of finite type).

Lemma 4.1 Let Dy and Dy, be two open sets of C such that Dy, is contained an
relatively compact in Dy. We set U = Do x I and U' = Dy x I. Lets € Nand ¢ > 0.

Then there exists a closed (FC)-submodule A of the B*-module H%_’-S(U ) such that:

I1f115,5 < el fll3,y forany function f € A.

Proof Since U is JF-compact in U, there exist r > 0 and finitely many points
ai, ..., a, in D such that:

(i) Bo(aj,r) x 1 CcUforj=1,...,u.(Bo(aj,r) is the ball of radius r centered
at aj.)
(i) U' c U= Bo (aj, 5) x I.

Let n be an integer such that u < 2"*1e. Let A be the set of functions f € HE F ()
whose restriction to any transversal {a;} x I is zero up to the order n. Then A is

a closed (FC)-submodule of Hé}S(U ); the number of generators of the quotient 3°-

module H%}S(U)/A islessorequalton -u.Let f € A;inaneighborhood of {a;} x I
we have:

f@n = fiz—ap".

{=n
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270 A. El Kacimi Alaoui

Letp <r;foranyk =0,...,s

) 0 7'[,02“'2
J(f. Botaj, p)? = 3=

{=n

d* g,
drk

thus:
0 Tr22

Jk (f, By (aj, %))2 = Z 24200 4+ 1)

2042
< 9—20+D) nr
Z T

<2 2<"+”<Jk<f, Bo(aj,r))*.

a f|?
drk

dkfz
dtk

So, using the properties (i) and (ii):

Je(f,U) < D" Ji(f. Bolaj, )
j=1
<u-27""N(f U
< (£, Up)

Taking the upper bound on ¢ € I and the maximum on k = 0, 1, ..., s of the two
sides of this inequality, we obtain:

A0 < ellfll3us
which gives the desired inequality. <&

We have already observed that Hé}s (U) is a module over the Banach algebra 3°.
Let f, g € H%_’-S(U); forany t € I, we set:

ok f ak
(/- &) Z/ P atk

For fixed t € I, {, ); is a Hermitian product on Hzf’-x(U,) for which it is a Hilbert
space. The following lemma is almost immediate to establish.

Lemma 4.2 Let s € N and f and g be two functions in Hé’-‘v(U ). The function
A o I —> C which associates to each t € I the complex number (f, g); belongs to
B°. Moreover there exists a positive constant C such that, for f, g € 'H%_’-S(U ), we
have:

Moo < ClIfI,0 - 1181150

that is, the family of Hermitian forms (f, g) —> (f, g): is continuous.
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We say that two functions f, g € H%}S(U ) are orthogonal if (f, g); = 0 for any
t € I. Of course, any orthonormal system is a free system over the ring 5°. Let
AcC 'H?_’—s (U); the orthogonal of A is the subset:

Al:{feHzf’—s(U):(f,g),:O for any geHig‘(U) and any tel}.

Since for any fixed g € Hé}S(U) themap f € H%_’-S(U) —> (f, g); € B is B*-linear
and continuous, AL is a closed submodule of the B*-module H%}S(U ).

4.3 Orthogonal projections in ’H_27_.’s )
Let V be a closed B*-submodule of Hé_’-s (U). Then there exists a continuous 3°-linear
map P : H_271-S (U) — V such that:

(i) Forany g € V.|| f=P(I3 v = f—gll5 y thatis, P(f) realizes the minimal
“distance” from f to V.
(ii) For any f € Hé_’-s(U) and any v € V we have: (f — P(f),v); = 0 for any
tel.
(iii) If V is non trivial the norm |||P|||§7U of Pisequalto I.

The map P is called the orthogonal projection from ’H%_’-S (U) on V. The proof
of its existence is a slight adaptation of the classical one on a Hilbert space.

Proof (1) Let € be a positive real number and f € HZ}’-S (U). Let:
8s = inf -5 -
s erlv [1f — v |2,U
Then there exists a sequence (vy,) in V such that lim || f — vn“%,u = 0 that is:

(1f = valls.p)’ < 8% + &2

for n sufficiently large and also Ji(f — v,, U;)> < 82 + &2 for any ¢ € I and any
k=0,1,...,s.Lett € I. By the parallelogram identity we have:

Je((f = vn) = (f =), UD* + T ((f —vp) + (f —vp), Up)?
= 2{Je((f — vn), UD* + Je((f —vp), Up)?).

Thus

2
. vy + v
Jk<vn—vp,U,>2=2{Jk(f—vn,ut)2+1k<f—vp,U,>2—2Jk (f— ? 5 ”,U,) }
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272 A. El Kacimi Alaoui

Since:

2
+
Jk(f_vn 2””,U,) > 52

we obtain the inequality Ji (v, — v, U;)? < 2. Taking the upper bound over all 7 € I,
the maximum overk = 0, ..., s, and the square roots we get |[v, — v, |§’U < ¢ which
shows that (v;,) is a Cauchy sequence in V with respect to the norm || ||‘§’U; since V
is complete, this sequence converges to an element v € V.

The uniqueness is a consequence of the fact that the construction of the projection
is unique for each fixed ¢ € I in the Hilbert space ng-s(U,). We set P(f) = v. For the
same reason we deduce the property (ii) and the inequality || P (f )||§’ U, = 1 which
implies assertion (iii) because P is the identity on V. <&

4.4 Orthogonal Decomposition

This is an important consequence of the existence of orthogonal projections: for any
closed submodule V of H.27_’-s (U) we have an orthogonal decomposition: H%_’-S(U ) =
Ve vt

A F-presheaf of vector spaces £ on M is a presheaf which associates to any F-open
set U a vector space £(U) with the same conditions of restriction as for a presheaf in
the usual sense. It is a F-sheaf if, in addition, it possesses the property of gluing local
sections on J-open covers to global ones. A F-sheaf is fine if it is fine in the usual
sense for F-open covers. Let us give some:

4.5 Examples

(i) For any F-open set U, we associate the space Hg}S(U ) of functions on U of
ak

class C* which are F-holomorphic with locally bounded derivatives % up to

the order s (locally bounded means bounded on subsets Ko x I where Ky is a

compact set of My). Then we obtain a F-sheaf Hl;_’-s on M.

(i) For any F-open set U, we associate the space Hzf’-‘y (U) of functions on U which
are of class C*, F-holomorphic and such that the quantities Ji ( f, U;) 2previously
defined are bounded for k = 0, ..., s. So we obtain a F-presheaf H }’-S on M.

(iii) For any JF-open set U, we associate the space A(b),S(U) (resp. Aé’S(U)) of func-
tions f [resp. foliated (0, 1)-forms] on U which are of class C*, C*° along the
leaves and whose transverse derivatives %;{ up to the order s are locally bounded.

Then we obtain a F-sheaf Ag , (resp. "4117, o)

LetU = {U;} be alocally finite F-opencoverof M = Mox1.Letp : MyxI — My
be the first projection and denote by U; the open set p(U;). Let p; be a C*°-partition
of 1 on My associated to the open cover U = {U;} and set p; = p; o p. For any i
and any s € N, the function p; is an element of Ag’S(M ) and the family {p;} is a
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C®°-partition of unity associated to the F-open cover U = {U;}. Using this partition
of unity {p;} one can easily prove that the two F-sheaves Ag  and A}, ; are fine.

4.6 Cohomology with Values in a F-Sheaf

The definition is the same as in the classical case. Let £ be a F-sheaf on M and
U = {U;} a F-open cover. For any integer ¢ € N we denote by C7(U, £) the vector
space of families {ciomiq} where Cip...ig is an element of E(U;, N ---N Uiq) (which, by
convention, is zero if the intersection U;, N --- N U,~q is empty). As usual, we define a
linear operator § : CY(U, £) — CITL(U, &) by:

q+1

(Sc)i()‘..iq+l = z(_l)lcio.,.f...iq+l !

i=0

This operator satisfies the relation > = 0; thus we obtain a differential complex:

0— COW. &) 25 .. 2 cru, &) =5 crtly g) s ..

whose cohomology is denoted H*(U, £). If U’ is a F-open cover finer than U we
have a morphism induced by restriction H*(U, £) — H*U’, £). The cohomology
H*(M, £) of M with values in the F-sheaf will be, by definition, the inductive limit
of H*(U, &) over F-open covers. The cohomology H*(M, £) satisfies all the usual
known properties, for instance we have the:

4.7 Leray’s Theorem

LetU = {U;} be an acyclic F-open cover that is, for any intersection U, N --- N Uj,,
we have H1(U;; N--- N Ui, E)=0forany g > 1. Then H*(M, &) = H*U, &).

For the proof see Godement (1959). We can easily show that, if £ is F-fine, then
HY(M,F) =0 for g > 1. We have also the:

4.8 Abstract de Rham Theorem

Let £ a F. Suppose that F admits a resolution : 0 —> & < £° Do, &gl Dy

where each £7 is a fine F-sheaf. Then the cohomology H* (M, £) is naturally isomor-

phic to the cohomology of the differential complex: 0 — (M) Do, EVM) N
- where, for each ¢, £7(M) is the space of global sections of the F-sheaf £9.
These two theorems will be of interest for our purpose. We can first remark that the

F-sheaf 'H};_’-S admits a fine resolution:
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b,s 0 5]—' 1
0— Hp > A,y — A, — 0.
Hence:

H* (M, 1)) = A} (M)/Im (Ag)S(M) KIS A},’S(M))

where Ag,s (M) and Aé’S(M ) are the spaces of global sections respectively of the

JF-sheaves Ag’s and A}m.
Let U* = {Ul.*},-zl » be a finite family of F-open sets such that each one of

,,,,,

them is equivalent to D x I (where ID is the open unit disc in C) by a trivializa-
tion ¢; : D x I — U} of the foliation F restricted to U/. Let U = {U;}i=1,...n
be an other family of F-open sets such that U; C U forany i = 1,...,n. We

shall introduce norms on the spaces C* (U, Hé_’.s), Letn = {f;} € C'W, H%_’-S) and
¢ = {fij} =€ C' U, HZ); we set:

n n
iS5z = D fillyy, and 113 = D115 0,

i=1 i

The 0-cocyles and the 1-cocycles constitute closed spaces Z° (U, 'H%_’-‘Y) and Z' (U, H%_’—S)
respectively of CO(U, Héj—s) and C' (U, Hé_’-s).
Foreachi =1, ..., nletV; be arelatively compact F-open set of U; and denote by

,,,,,

Applying Lemma 4.1, we easily prove that, for any ¢ > 0, there exists a closed
(FC)-submodule A in the B-module Z! (U, Hé’-s) such that:

112115, = €llgll3,, forany ¢ € A.

Lemma 4.9 We take the same F-open covers U*, U and V as before and we consider
a fourth one W = {W;}i=1....n. We suppose that W <V <K U K U*. Then, for any
s € N, there exists a constant Cs > 0 such that, for any & € Z 1 o, 'Hé_’-‘v), there exists

¢ € Z'UHY) and n € COOV, HZ') with ¢ = & + 81 on W and:
max (1113 - 119113 1) = ColI&113 -

Proof Let§ = {fij} € A Hé’-‘g). Then, using a same method proving Theorem
3.1, we easily establish that £ € Z'(V, Ag!s). We have observed in Sect. 4.5. iii)
that the F-sheaf .Ag,s of functions of class C* whose transverse derivatives up to
the order s are locally bounded is fine; hence H'(V, Ag, ;) = 0. Then there exists
{gi} € CO(V, A} ) such that:

fij=gj—& on VinVj.
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Since 5ff,-j = 0, we have 5fg,- = 5y:gj on V; N V;; hence the collection of (0, 1)-
forms {gy:gi} defines a foliated (0, 1)-form w on the union |[V| = V; U---U YV, such
that w)y, = drgi. Because |W)| is F-relatively compact in |V, there exists a function

(/NS AS’S(M), basic for the fibration (z,1) € M = My x I — z € My and such
that:

supp(y) C [V| and ¥, = L.

Then Y w can be considered as an element of A}”(W*l). Since, by Ahlfors-Bers
Theorem Ahlfors and Bers (1960), for each i € {1,...,n}, the F-open set Ul.* is
isomorphic to the product D x I, by Proposition 2.3 there exists a function h; €
A) (U}) such that 9 ph; = Yo, But

5]—']1[:5_7-]1]' on Ui*ﬂU;f;

thus Fij =hj —h; € H?{—S(Ui* N U;‘). Denote by ¢ the cocycle {F;;}; since U < U*,
¢ € Z'U, HF). On W; we have rh; = o = w = drgi, hi — gi € Hp (W)

and also h; — g; € H7' (W;) that is, the O-cochain 1 = {h; — g;} is in COOV, H3).
So we easily see that, on W; N W;:

Fij— fij=(hj—gj)—(hi —g) ie ¢(—&=3dénonW

which is exactly the desired relation.
Now, let:

E — Zl(u, Hz:Fvs) e Zl(V, H2},-A) X CO(W, Hzfs)

Equipped with norm [[(¢, &, m)|Iy = 1IC1154, + 11E1l5,,, + [Inll5 )y, E is a Banach
space. The subspace:

L={&.§neE:{=§+6n on W}
is closed and then is a Banach space. Since the map:
T E el EeZ WV HE)
is continuous and surjective, it is also open (by the Open Map Theorem). Hence there
exists a constant Cs > 0 such that, for any & € z\(v, H?_’-S), there exists (£,&,7n) € L
satisfying w ((¢, €, n)) = &€ and:

1. & Ml = ClIE -

The constant C; satisfies the desired inequality. &
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Lemma 4.10 Let the hypotheses be like in Lemma 4.9. There exists a finitely gen-
erated B*-submodule S C Z'(U, ’H};‘-s) satisfying the following property: for any
IS zwu, H}}_’-x), there exists o € S and n € c'ow, Hl]’_’-s) such that:

o=&E4+6n onW.

This means that the image of the natural B*-linear map H'(U, 'H};_’-S) —
H'(W, H;’-‘Y) is a finitely generated BB°-submodule.

Proof Let C; be the constant given in Lemma 4.9 and set ¢ = 2%? By the Lemma 4.1
there exists a closed (FC)-submodule A ¢ Z' (U, H%}S) such that:

€115,y < €ll§llyy forany & € A

Let S be the orthogonal of A in Z!(U, H?,_’-S) [which is a finitely generated B*-
submodule because A is a (FC)-submodule] that is:

Z'UHP)=A®S.

Lett € Z\(U, H;’—S). Since V « U, & is in fact in Z1(V, Hi’-‘v); let T = [|§]]5 , <
+00. By Lemma 4.9, there exists ¢g € Z' (U, Hé_’f) and g € COOW, Hé_‘-s) such that:

Lo=&+38n on W

with the inequalities [|¢ol[5 ), < Cst and [[nol[5 ), < Cst. On the other hand, &
decomposes into a sum:

Lo=& +op with &€ A and op € S.
Now we shall construct elements:
G Z'WUHE), mee COOVHEY), &eA and op €S

with:

(1) Sk = &k—1 + Snr on W,

(1) &k = & + oy (orthogonal decomposition);
(i) 112155, < SE and |Inells,, < S
Suppose that these elements are constructed up to the rank k. Since ¢ = & + ox we
have by the orthogonal decomposition:

CsT
166113, = 115K115 04 = S
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This gives:

' eCyT T
166113, < ell&lls < = < 3err-

By Lemma 4.9 there exists ¢y € Z (U, Hi’-s) and g1 € COOW, Hi’-s) such that:

Ck+1 =&k +0mk+1 on W

and

K s Cst
max ([[Se+11l3. 445 k4111300 ) = =g

The element ;1 admits an orthogonal decomposition:
Crer1 = k1 +opy1 with &4 € Aand oy € S.

Then we have constructed, up to the rank k + 1, the sequences (&), (¢x), (nx) and
(ox) with the desired properties. By ¢y = & + §n¢ and the points (i) and (ii) we have
(up to rank k):

k k
() & +Z<fe = +8(ZW) on W.
£=0 =0

From (ii) and (iii) we deduce that:

Cst

max (1162113, 10113 g+ el ) < S

Thus limg & = 0 and the series Z,fio o and Z;?io N, converge respectively to
elementso € Sandn € C 0(VV, H_27_’-S). In fact, by Theorem 3.1:

o€ SNZ'U HY) and n e OOV, HY).
From (x) we obtain 0 = & + 81 on W. This ends the proof of the lemma. <&

Theorem 4.11 Suppose that M' = My x I and M" = M x I are F-open sets of M
an that My is contained and relatively compact in M{. Then the image of the natural

morphism H' (M, Hg_’-s) — H'(M', Hg_’-s) induced by the restriction is a finitely
generated B*-module.

Proof LetU*, U,V and W four F-open covers as in Lemma 4.10 and such that:

(i) M’ c J'_, Wi =: M, and is relatively compact in M, := |J!_, U; C M";
(ii) the U}, U; and W; are isomorphic to D x 1.
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By Lemma 4.10, the image of the morphism H'U, Hy') — H'OV, M) is
a finitely generated 3*-module. On the other hand, the F-open covers ¢/ and WV are
acyclic; then by Leray’s theorem, H ' (4, Hl}_’-s) = H'(M>, Hg_’-s) and H' (W, Hl;_’-s) =
H'(M;, H};_‘-S). Then the result follows from the canonical factorization:

H'(M" H) — H'(My, W) — H' (M, HE) — H' (M HE.

The theorem is then proved. <&

Corollary 4.12 Suppose that all leaves are compact (they are all diffeomorphic to a
compact Riemann surface of genus g > 2). Then H' (M, Hl}_’-s) is a finitely generated
Bf-module.

Question 4.13 Suppose that all leaves are compact. Is the B*-module H' (M, Hl}’-s)
free? If this is the case, is its dimension equal g?

Now we have amassed all that is necessary to prove the Main Theorem. It is imme-
diate to see that it follows from the following one.

Theorem 4.14 Let M' = M x I be a F-open set of M with My, relatively compact and
strictly contained in My. Then for any a € M),, there exists a F-meromorphic function
[+ M' — C nonconstant on any leaf, with set of poles {a} x I and F-holomorphic
on M'\{a} x I.

Let us first recall a result on modules of finite type illustrated in the following lemma.
Its proof can be found for instance in Atiyah and McDonald (1969) (Proposition 2.4
p. 21).

Lemma 4.15 Let E be a finitely generated module over a ring R, a an ideal of R and
0 an R-endomorphism of E such that 6 (E) C aE. Then there exists ay, ..., a, € a
such that 0" + a;0" ' + ...+ a,_10 +a, = 0.

Proof of Theorem 4.14 Let Uy be a F-open neighborhood of {a} x [ isomorphic to

D x I by a diffeomorphism (which is a biholomorphism on the leaves) ¢; : U} —

D x I sending {a} x I on {0} x [I; by restricting the open set U; if necessary we

can assume that the transverse derivatives (up to the order s) of ¢; are bounded.

Denote by U; the open set M\{a} x I. ThenU = {Uy, U,} is a F-open cover of M.
1

For each j € N*, the function T is in Hl]’_’-s(U 1 N U) and represents a cocycle

{j € zZ\u, HI;’-S). By Lemma 4.10 the image of the 3*-morphism:
H'U M) — H'Un M 1Y

is a finitely generated B*-module E. Applying Lemma 4.15 to the B°-module E, the
ring R = B, its ideal a = B° and the morphism 6 : g € E +—— ¢1g € E one can
find elements aj, . .., a, € B* such that: 6" +a;60" ' +--- +a,_10 +a, = 0. The
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value of the morphism ® = 6" +a16"~ ! +- .- 4+ a,_10 + a, at the constant function
x = 1 gives a cocyle:

O =0"(x) +ar10" ' () + -+ an—10(0) + an(x)

which is cohomologous to zero. This means that there exist elements cy, ..., cp41 €
B* and a O-cochain n = { f1, fr} € COUN M’, Hl}_’-s) such that:

i1+ -+ cpp1lnr1 =8n on UNM
that is:
cilit - tentilop1=fo—fi on UyNnUnM.

The desired F-meromorphic function on M’ is defined by: ¢ &1+ - -+ cpt18n41 + f1
onUyNM and fonUy N M. &

Corollary 4.16 We take the same hypotheses as previously and suppose that M’ is
not the whole manifold M. Then there exists a F-holomorphic function f : M’ —> C
which is not constant on any leaf of any connected component of M'.

Proof Let M" = M x I be a F-open set of M where M is a relatively compact
open set of My containing M in which the latter is relatively compact. We apply then
the preceding theorem by taking a € M\ M|,. <

5 Examples

In this section we give examples of differentiably trivial fibrations but far to be even
locally trivial in the complex sense.

5.1 Leaves are Simply Connected

Letw : M — B be adifferentiably trivial fibration whose fibers are holomorphically
equivalent to the unit disc D (or the half plane H). Then, by Ahlfors—Bers Theorem
(Ahlfors and Bers 1960) it is isomorphic to the product D x B as a complex foliation.
As this case is not interesting for us here we shall give an example with parabolic
leaves that is, each leaf is individually isomorphic to C but the complex foliation we
obtain is not equivalent to a complex product.

Denote by P!(C) the complex projective space of dimension one. Let I =]0, 1]
and ¢ : I —> P'(C) be a CK-map which is not C¥*!. Let M = P! (C) x I\G where
G is the graph of ¢. This is a differentiable trivial fibration over /I all of whose fibers
are isomorphic to C and the complex structure on the fibers varies in a C*° way in
the transverse direction. We obtain a complex foliation F whose leaves are the fibers
of the trivial fibration 7 : M — [ where 7 is the restriction to M of the second
projection (z,1) € P/(C) x I —> t € I.
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The complex foliation F on M constructed above is not C¥*!-equivalent to the
complex product C x [.

Indeed, suppose that there exists a C**!-diffeomorphism ¥ : C x I — M which
is holomorphic between the fibers. In the coordinates on M given by its inclusion in
P!(C) x I, this map W is necessarily of the form:

W) = (t’ a(t)z + b(r))
c()z+d(t)

a(t) b(r)
c(t) d(1)
holomorphic embedding of C in P!(C) is given by a Mogbius map. From the fact that
W is CK*1 we see that the functions a, b, ¢ and d are C¥*! on 7. Then ¢ is also C¥*!
because:

(where, for each fixed t € I, ( ) is a matrix in SL(2, C)) because any

a(t)
¢([) = \IJ(OO, t) = m

5.2 Leaves are Annulus

The following example is more or less the one given in Sect. 1.2 for the open set N
(Example v). Let I =]0, +oo[ and M = H x I. We have an action ® of Z on M given
by :

Dk, (z,1) = (IFz, 1).

This action is free and proper; moreover it is holomorphic on each leaf H x {¢} of the
product complex foliation F. Then it defines a complex foliation F on the quotient
M = M/® which is differentiably isomorphic to the product (H/®;) x I where ®; is
the loxodromy ®;(z) = #z. The complex foliation F is not a locally trivial fibration.
Indeed, because each leaf (H/®;) x {¢} is an annulus whose complex structure is
coded by the ratio ¢, two different leaves H/®; x {r} and H/®, x {¢'} witht # 1)
cannot be holomorphically equivalent.

5.3 Remark

In Example 5.1 the leaves are simply connected (all parabolic) and in Example 5.2 they
have Z as common fundamental group. In these two cases it was proved in El Kacimi
Alaoui (2010) that the first foliated Dolbeault cohomology group H})_-l (M) is trivial.
This permits to give a more stronger foliated version of Mittag—Leffler Theorem.
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5.4 Fundamental Group of Leaves is Non Abelian

Let M = H x I. Fon any t € [ let ¢; be the Moébius transformation of H defined by:

z+1

YOSy

The family of matrices ®; (indexed by 7) in the group SL(2, R) corresponding to the

family ¢, is:
1 1
O = (t (1+t))'

Easy calculations show that, on the interval I =] — %, o[:

e The matrices ®; and ®, have different eigenvalues for r # t’; then ®; and ©
are not conjugated in SL(2, R).

e Each ¢, has a unique fixed point zo(z) in H.

e The family {zo(¢)};<; is the graph G in H x I of a C*°-function o : I —> H.

Let a be a point in H different from zo(¢) for any ¢ € I. Foreach t € I, let O;(a)
be the orbit of a under the action of ¢;. Let:

M =H x ’\[QU(U O,(a))}.
tel

Foreacht € I, Misa ¢;-invariant open set of H x I and then it supports the action
W of Z defined by:

Wk, (z.1) = (@ (2). 1).

This action is free and proper; so the quotient M = M /W is a manifold diffeomorphic
to a product My x I (where My is a noncompact Riemann surface) with a complex
foliation F. Each leaf L; of F is the quotient of:

H\ (O (a) U {zo(0)})

by the automorphism ¢, . Because the matrices ®, and ©, are not conjugated for ¢ # 1/,
the two leaves L; and L, are not holomorphically equivalent. Then the foliation is not
a locally trivial fibration in the complex sense.

In this example all leaves are diffeomorphic. Then they have the same fundamental
group: the free non Abelain group generated by a countable infinite set.
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5.5 All Leaves are Compact

aw+b
co+d

element of SL(2, R)]. The map:

be a non trivial biholomorphism of H [where (a is an

cd)

Letg : w+— o =

D:(p,(z,0) €ZxC" x Hi—> (¢7P*@7 ) e C* x H

is a free and proper holomorphic action of Z on M =C*xH.It preserves the
foliation F whose leaves are the factors C* x {w} (in fact the action ® preserves
each leaf individually). The quotient space M = C* x H/® is a complex manifold of
dimension 2. The induced complex foliation F on M has dimension 1 and all its leaves
are elliptic curves T, ; the complex structure of each T, depends on w € H. Two leaves
T, and T, are isomorphic if, and only if, there exists a matrix B € SL(2, Z) such
that ¢(w’) = Be(w). The complex equivalence class of a leaf is then a countable set.
Hence this foliation is not a locally trivial complex fibration even if it is a differentiable
product.
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