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Abstract Let F be a complex foliation by Riemann surfaces defined by a trivial (in
the differentiable sense) fibration π : M −→ B but for which the complex structure
on each fibre π−1(t) may depend on t . Let σ : B −→ M be a section of π contained
in a F-relatively compact subset of M . We prove: for any F-relatively compact open
setU containing� = σ(B) and any integer s ≥ 0, there exists a functionU −→ C of
class Cs nonconstant on any leaf of (U,F), meromorphic along the leaves and whose
set of poles is exactly �.

Keywords Complex foliation · Leafwise · Dolbeault cohomology · F-meromorphic
function

1 Preliminaries

Let M be a differentiable manifold of dimension 2m + n endowed with a dimension
2m orientable foliation F .

Definition 1.1 We say that F is complex if it can be defined by an open cover
U = {Ui } of M and diffeomorphisms φi : �i × Oi −→ Ui (where �i is an open
polydisc in C

m and Oi is an open ball in R
n) such that, for any pair (i, j) with

Ui ∩U j �= ∅, the coordinate change φi j = φ−1
j ◦φi : φ−1

i (Ui ∩U j ) −→ φ−1
j (Ui ∩U j )

is of the form (z′, t ′) =
(
φ1

i j (z, t), φ2
i j (t)

)
with φ1

i j (z, t) holomorphic in z for t fixed.
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262 A. El Kacimi Alaoui

An open set U of M like one of the cover U in Definition 1.1 is called adapted
to the foliation. Any leaf of F is a complex manifold of dimension m. The notion of
complex foliation is a natural generalization of the notion of holomorphic foliation
on a complex manifold. A manifold M with a complex foliation F will be denoted
(M,F).

Let (M,F) and (M ′,F ′) be two complex foliations. A morphism from (M,F) to
(M ′,F ′) is a differentiable map f : M −→ M ′ which sends every leaf F of F into a

leaf F ′ of F ′ such that the restriction map F
f−→ F ′ is holomorphic.

We say that a morphism f : (M,F) −→ (M ′,F ′) is an isomorphism of complex
foliations (automorphism of (M,F) if (M,F) = (M ′,F ′)) if f is a diffeomorphism
whose restriction to any leaf F −→ F ′ [where F ′ = f (F)] is a biholomorphism.
We say that two complex foliations F and F ′ on M are conjugated if there exists an
isomorphism f : (M,F) −→ (M,F ′). Automorphisms of F form a group denoted
G(F).

1.2 Examples

i) Any complex manifold M of dimension m is a complex foliation of dimension
m. Its automorphism group is exactly the automorphism group of the complex
manifold M .

ii) Any holomorphic foliation (on a complex manifold M) is a complex foliation.
iii) Let B be a differentiable manifold and M an open set of Cm × B. For t ∈ B,

Mt = {z ∈ C
m : (z, t) ∈ M} is an open set of Cm called the section of M

along t . The connected components of the sections of M are leaves of a complex
foliation F of dimension m called the complex canonical foliation of M .

iv) Let F be a complex manifold and B a differentiable one. Any locally trivial
fibration F ↪→ M −→ B whose cocycle takes values in the complex automor-
phism group Aut(F) of F is a complex foliation, the fibres being the leaves.
If the fibration is trivial i.e. M = F × B, we say that F is a complex product
foliation. In that case all the leaves are holomorphically equivalent. Suppose that
F is a complex foliation on M = F × B whose leaves are the factors F × {t}
but the complex structure may depend on t ; then we say thatF is a differentiable
product.

v) Let ρ1 : R −→ R and ρ2 : R∗ −→ R be functions of class C1 satisfying the
following conditions:
• ρ1(−t) = ρ1(t) and ρ2(−t) = ρ2(t);
• ρ1(1) = 0 and ρ1 < 0 on ] − 1,+1[;
• ρ1 is strictly increasing on [1,+∞[ and limt→+∞ ρ1(t) = 1;
• ρ2 is strictly decreasingon ]0,+∞[, limt→+∞ ρ2(t) = 1and limt→+0+ ρ2(t)

= +∞.

Let M be the open set ofC×R defined by M = {(z, t) ∈ C × R : ρ1(t) < |z| < ρ2(t)}
equipped with its canonical complex foliationF . Then the leaves are:C if t = 0, open
discs for t �= 0 and |t | < 1, two punctured discs if |t | = 1 and the others are annulus.
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On Leafwise Meromorphic Functions with… 263

On the open set N = {(z, t) ∈ M : t > 1} the complex foliation FN is a differ-
entiable product. Two leaves are never isomorphic; each one has a complex structure
coded by the ratio ε(t) = ρ2(t)

ρ1(t)
. Since ε(t) �= ε(t ′) for t �= t ′, any automorphism of

FN must be the identity on the transversal. Then the automorphism group G(FN ) of

F is generated by the group C∞(]1,+∞[,S1) and the map (z, t) �−→
(

ρ1(t)ρ2(t)
z , t

)

which preserves each annulus.

Question 1.3 Does the odd sphere S
2n+1 support a codimension one complex folia-

tion?

Of course, yes for S3 (any orientable foliation by surfaces is a complex one). In
higher dimension I already asked this question in 1995 during a lecture I gave in the
seminarGéométrie dynamique atUniversité de Lille 1. A construction of such foliation
on the sphere S5 was announced by Meersseman and Verjovsky (2002). But recently
they have discovered that the manifold supporting this foliation is in fact a bundle
over the circle with fibre a projective Fermat surface [cf. Meersseman and Verjovsky
(2011)]. Even the authors have failed to answer the question for S5 their example is
highly non trivial and interesting. But the question now remains open.

2 The ∂F-Cohomology

Let (M,F) be a complex foliation of dimension m. Let Apq(F) be the space of
foliated differential forms of type (p, q) that is, differential forms on M which can be
written in local coordinates adapted to the foliation (z, t) = (z1, . . . , zm, t1, . . . , tn)

(the foliation is defined by the differential system dt1 = · · · = dtn = 0):

α =
∑

α j1... jpk1...kq (z, t)dz j1 ∧ · · · ∧ dz jp ∧ dzk1 ∧ · · · ∧ dzkq

where the coefficients α j1... jpk1...kq are functions of class Cs and C∞ along the leaves
(with s ∈ N ∪ {∞}. Let ∂F : Apq(F) −→ Ap,q+1(F) be the Cauchy-Riemann
operator along the leaves defined by:

∂Fα =
∑(

m∑
k=1

∂α j1... jpk1...kq

∂zk
(z, t)dzk ∧ dz j1 ∧ · · · ∧ dz jp ∧ dzk1 ∧ · · · ∧ dzkq

)

where ∂
∂zk

= 1
2

{
∂

∂xk
+ i ∂

∂yk

}
with zk = xk + iyk . It satisfies ∂

2
F = 0, hence we have

a differential complex 0 −→ Ap0(F)
∂F−→ Ap1(F)

∂F−→ · · · ∂F−→ Ap,m−1(F)
∂F−→

Apm(F) −→ 0 called the ∂F -complex of (M,F); its homology H pq
F (M) is called

the foliated Dolbeault cohomology (or the ∂F -cohomology) of the complex foliation
(M,F). It is locally trivial i.e. we have a:

Lemma 2.1 Foliated Dolbeault–Grothendieck Lemma. Let x ∈ M. Then there exists
an open neighborhood U of x adapted to the foliation such that, for every p =
0, . . . , m, H pq

F (U ) = 0 for q ≥ 1.
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264 A. El Kacimi Alaoui

The proof is a straightforward adaptation to the parametric case of the classical one.
One can describe the cohomology H p∗

F (M) by using a sheaf which is analogous to
the sheaf of germs of holomorphic p-forms on a complexmanifold. A p-form α is said
to be F-holomorphic, if it is foliated, of type (p, 0) and satisfies ∂Fα = 0. Locally,
a F-holomorphic p-form can be written: α = ∑

α j1... jp (z, t)dz j1 ∧ · · · ∧ dz jp with
α j1... jp holomorphic on z.

Let Hp
F be the sheaf of germs of F-holomorphic p-forms on M and Apq(F) be

the sheaf of germs of differential forms of type (p, q) on F ; Apq(F) is a fine sheaf.
Lemma 2.1 implies the:

Proposition 2.2 The sequence 0 −→ Hp
F ↪→ Ap0(F)

∂F−→ · · · ∂F−→ Apm(F) −→ 0
is a fine resolution ofHp

F . So we have Hq(M,Hp
F ) = H pq

F (M), for p, q = 0, 1, . . . m.

If n ≥ 1, this resolution is not elliptic; it is only elliptic along the leaves. Hence the
cohomology H∗(M,Hp

F ) is not necessarily finite dimensional even if the manifold
M is compact.

Any isomorphism of complex foliations (M,F)
f−→ (M ′,F ′) induces an isomor-

phism f ∗ : H∗(M ′,Hp
F ′) −→ H∗(M,Hp

F ). In particular H∗(M,Hp
F ) depends only

on the complex conjugacy class of F .
For p = 0, we denote HF the sheaf H0

F ; its sections over an open set U of M
are F-holomorphic functions on U ; they form a complex vector space which we will
denote byH0

F (U ) and simplyH(U ) in case the codimension of F is zero, that is, M
is a complex manifold and the foliation has just one leaf, M itself.

Let p ∈ N. An open set U of M (with the induced foliation) is said to be p-acyclic,
if Hq(U,Hp

F ) = 0 for any q ≥ 1. An open cover U = {Ui } is p-acyclic if, for any
multi-index (i0, . . . , ik) of I , the open setUi0...ik = Ui0 ∩· · ·∩Uik is p-acyclic.We can
easily see by Lemma 2.1 that such open cover exists and, in addition, can be chosen
locally finite. By Leray’s Theorem (cf. [Gm]), H∗(M,Hp

F ) = H∗(U ,Hp
F ) for any

locally finite p-acyclic open cover U .
We have two ways for computing the ∂F -cohomology of F : using foliated differ-

ential forms of type (p, q) and the ∂F operator or a locally finite p-acyclic open cover
U adapted to the foliation and Cěch method. Both of the two points of view will be
interesting for our purpose.

Let us start with a simple example. Let F be a complex manifold of dimension m
and B a differentiable manifold. We denote by Cs(B) the complex vector space of
complex Cs (with s ∈ N∪ {∞}) functions on B. The following proposition is easy to
prove.

Proposition 2.3 Suppose that the complex foliation is defined by a locally trivial
fibration F −→ M

π−→B (the cocycle is with values in the biholomorphism group of
the complex manifold F). Then:

H p∗
F (M) = H p∗(F) ⊗ Cs(B)

where H p∗(F) is the Dolbeault cohomology of the complex manifold F. In particular,
H p∗
F (M) = 0 for ∗ ≥ 1 if the the fibre F is a Stein manifold.

123

Author's personal copy



On Leafwise Meromorphic Functions with… 265

2.4 Open Questions

Some questions inspired by the classical complex analysis are natural. Let M be a
differentiable manifold with a complex foliation F of dimension m.

Question 1. Suppose that every leaf is closed (in the topological sense as a subset
of M) and Stein that is, it can be embedded in some CN ). Is H0q

F (M) = 0 for q ≥ 1?
A weak version of this question is obtained by imposing an extra hypothesis on the

foliated manifold (M,F).
Question 2. Suppose that every leaf is closed and Stein and thatF is a complete Rie-

mannian foliation (the normal bundle T M/TF admits a Riemannian metric invariant
along the leaves). Is H0q

F (M) = 0 for q ≥ 1?
In fact, by a localization procedure, question 2 can be reduced essentially to the

following one.
Question 3. Suppose that M is a diffentiable product F × B where F is a Stein

manifold and B is a ball of Rn ; each leaf F × {t} is diffeomorphic to F but has a
complex structure which may depend on t ∈ B and is Stein. Is H0q

F (M) = 0 for
q ≥ 1?

For a study of foliated Dolbeault cohomology and its explicit calculus on some
complex foliations with a more complicated dynamics see El Kacimi Alaoui and
Slimène (2010). Also results on the ∂-problem along the leaves can be found for
instance in Gigante and Tomassini (1995).

2.5 Zeros and Poles

Suppose that the dimension of F is 1 that is, the leaves are Riemann surfaces. Let U
be an open set of M with the induced complex foliation F .

Let f : U −→ C be a F-holomorphic function and let Z be the set of its zeros.
The restriction of f to any leaf F is a holomorphic function; then, if f : F −→ C is
not identically zero, Z ∩ F is a discrete set of F . So in a neighborhood of a point of
Z ∩ F where f does not vanish identically, Z ∩ F is ‘transverse’ to F .

We say that a function f : U −→ C is F-meromorphic, if its restriction to any
leaf is a meromorphic function. Let P be the set of poles of f ; then, similarly to the
case of zeros, the intersection of P with any leaf is a discrete set of F [see El Kacimi
Alaoui (2010)].

2.6 Statement of the Main Result

From now on F will be a complex foliation by Riemann surfaces on a differentiable
manifold M .

Main Theorem. Suppose that F is defined by a differentiable trivial fibration
π : M −→ B. Let� : B −→ M be a section ofπ contained in aF-relatively compact
subset of M . Then for any relatively compact open set U containing � = σ(B) and
any integer s ≥ 0, there exists a function U −→ C of class Cs nonconstant on any
leaf of (U,F), meromorphic along the leaves and whose set of poles is exactly �.
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266 A. El Kacimi Alaoui

This result is a weak parametric version of Mittag–Leffler Theorem. A strong
version was already established in El Kacimi Alaoui (2010) in case the leaves are
noncompact, simply connected or with Z as common fundamental group.

The remaining part of the paper will be devoted to the proof of the Main Theorem
stated above. It will result in a series of lemmas and propositions for which some of
our proofs are inspired frommethods developed in Forster (1981). The main difficulty
here is the control step by step of the transverse regularity and this is far to be a trivial
job.

Without lost of generality we may suppose that n = 1 and B is an open interval
I of the real line R (containing the origin) or the circle S

1. We choose to treat the
case B = I . All leaves are noncompact and diffeomorphic. Let M0 be a leaf of
F ; there exists a diffeomorphism � : M −→ M0 × I such that, for any t ∈ I ,
Mt = �−1(M0 × {t}) is a leaf of F that is, if M0 × I is equipped with the foliation
F0 whose leaves are M0 × {t} with t ∈ I , the two foliated manifolds (M,F) and
(M0 × I,F0) are differentiably isomorphic.

A F-open set (resp. a F-closed set) of M is an open set of the type U0 × I (resp. a
closed set of the type F0 × I ) where U0 is open in M0 (resp. F0 is closed in M0). A
F-open cover is a cover of M by F-open sets. The unions and finite intersections of
F-open sets are also F-open sets. A subset E of M is F-connected if, for any t ∈ I ,
Et is connected; it isF-compact (resp.F-relatively compact) if there exists a compact
(resp. relatively compact) set K0 of M0 such that E ⊂ K0 × I . Let U = {Ui } and
V = {Vi } two F-open covers indexed by the same set; the notation V � U means
that, for any i , Vi is contained in Ui and is F-relatively compact in this set.

Let 
 denote the common fundamental group of the leaves. The case where 
 is
trivial or isomorphic to Zwas studied in El Kacimi Alaoui (2010). So we will suppose
that 
 is non Abelian; then the universal covering of each leaf is the upper half plane
H = {z = x + iy : y > 0}. If E is a subset of M , Et will be its intersection with Mt .

3 Spaces of F -Holomorphic Functions

Let U ⊂ C × I be an F-open set and s ∈ N. Let Hs
F (U ) be the space of functions

U −→ C of classCs andF-holomorphic; the space of basic functions (constant on the
leaves) is a subspace of Hs

F (U ) and is canonically isomorphic to the space Cs(I ) of
functions of class Cs on the interval I . For any function f ∈ Hs

F (U ), any measurable
subset E ⊂ U , any t ∈ I and k ∈ {0, 1, . . . , s}, we set:

Jk( f, Et ) =
(∫

Et

∣∣∣∣
∂k f

∂tk

∣∣∣∣
2

dzdz

) 1
2

and:

Nk( f, E) = sup
(z,t)∈E

∣∣∣∣
∂k f

∂tk
(z, t)

∣∣∣∣ .
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On Leafwise Meromorphic Functions with… 267

We denote by H2,s
F (U ) the space of functions f ∈ Hs

F (U ) such that, for any k =
0, . . . , s:

sup
t∈I

Jk( f, Ut ) < +∞

We equip this space with the norm:

|| f ||s2,U = max
k=0,...,s

{
sup
t∈I

Jk( f, Ut )

}

for which it will be complete as we shall show.
Now, we consider the functions f ∈ Hs

F (U ) satisfying the condition:

Nk( f, U ) < +∞

for any k ∈ {0, 1, . . . , s}. These functions form a vector spaceHb,s
F (U ) which can be

equipped with the norm:

|| f ||s∞,U = max
k=0,...,s

Nk( f, U ).

By the usual methods one can easily prove that it is complete.
One can observe that, if the measures of the Ut are uniformly bounded, we have

Hb,s
F (U ) ⊂ H2,s

F (U ).

The space Bs of basic functions of class Cs whose derivatives up to the order s are
bounded equipped with the norm:

||φ||s∞ = max
k=0,...,s

{
sup
t∈I

∣∣∣∣
dkφ

dtk

∣∣∣∣
}

is aBanach algebra.Note thatBs is a subspace ofHb,s
F (U )while it is not oneofH2,s

F (U )

except if the measures of the sections Ut (with t ∈ I ) are uniformly bounded. But
both of the spaces Hb,s

F (U ) and H2,s
F (U ) are Bs-modules. Let:

Hb
F (U ) =

⋂
s∈N

Hb,s
F (U ), H2

F (U ) =
⋂
s∈N

H2,s
F (U ) and B =

⋂
s∈N

Bs .

These are Fréchet spaces whose topologies are respectively defined by the countable
families of norms considered above:

{|| ||s∞,U

}
s∈N ,

{|| ||s2,U
}

s∈N and
{|| ||s∞

}
s∈N .
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268 A. El Kacimi Alaoui

Nowwe supposeU = B = B0× I where B0 is the open ball centered at a of radius
r > 0 of the complex plane C. Any function f ∈ Hs

F (U ) admits an expansion:

f (z, t) =
∞∑

n=0

fn(t)(z − a)n

where the coefficients fn are functions in t ∈ I given by the integral Cauchy formula:

fn(t) = 1

2iπ

∫

γt

f (z, t)

(z − a)n+1 dz.

Here {γt } is a differentiable family of circles centered at a and γt ⊂ Bt . This shows
that fn ∈ Bs if f ∈ H2,s

F (U ) or f ∈ Hb,s
F (U ) and that the sequence (indexed by N ):

fN (z, t) =
N∑

n=0

fn(t)(z − a)n

converges to f both in the spaces H2,s
F (U ) and Hb,s

F (U ). The spaces H2,s
F (U ) and

Hb,s
F (U ) are free modules over the Banach algebra Bs with basis {φn(z)}n∈N where

φn(z) = (z − a)n .
A simple computation shows that the L2-norm ||φn||2 of φn (considered as a func-

tion in the ball B0) is:

||φn||2 =
√

πrn+1

√
n + 1

from which we deduce that, for any s ∈ N, we have:

|| fnφn||s2,B = || fn||s∞
√

πrn+1

√
n + 1

.

Then:

|| f ||s2,B ≤
∞∑

n=0

|| fn||s∞
√

πrn+1

√
n + 1

.

Theorem 3.1 Let D ⊂ C be an open set and r > 0. We set Dr = {z ∈ C : B0(z, r) ⊂
D}, U = D × I and Ur = Dr × I . (Here B0(z, r) is the open ball centered at z with
radius r in C.) Then, for any function f ∈ H2,s

F (U ), we have:

|| f ||s∞,Ur
≤ 1√

πr
|| f ||s2,U .
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On Leafwise Meromorphic Functions with… 269

Proof Let (a, t) ∈ Ur . Then, on B = B0× I , we have f (z, t) = ∑∞
n=0 fn(t)(z −a)n .

So f (a, t) = f0(t) and then, for any k = 0, . . . , s, we have:

∣∣∣∣
dk f

dtk
(a, t)

∣∣∣∣
2

=
∣∣∣∣
dk f0
dtk

(t)

∣∣∣∣
2

≤ 1√
πr

Jk( f, Bt )
2 ≤ 1√

πr
Jk( f, Dt )

2.

Taking the upper bound of this quantity over t ∈ I and the maximum on k ∈
{0, 1, . . . , s}, we obtain the following relations:

|| f ||s∞,Ur
= sup

Ur

∣∣∣∣
dk f

dtk
(a, t)

∣∣∣∣ ≤ 1√
πr

|| f ||s2,U

which are exactly the desired inequalities. ♦

Corollary 3.2 The space H2,s
F (U ) equipped with the norm || ||s2,U is complete.

4 Proof of the Main Theorem

For brevity, we will agree to the following definition: a submodule A of theBs-module
H2,s

F (U ) is of finite cotype [(FC)-submodule for short] if the quotient Bs-module

H2,s
F (U )/A is finitely generated (or of finite type).

Lemma 4.1 Let D0 and D′
0 be two open sets of C such that D′

0 is contained an
relatively compact in D0. We set U = D0 × I and U ′ = D′

0 × I . Let s ∈ N and ε > 0.

Then there exists a closed (FC)-submodule A of the Bs -module H2,s
F (U ) such that:

|| f ||s2,U ′ ≤ ε|| f ||s2,U for any function f ∈ A.

Proof Since U
′
is F-compact in U , there exist r > 0 and finitely many points

a1, . . . , au in D such that:

(i) B0(a j , r) × I ⊂ U for j = 1, . . . , u. (B0(a j , r) is the ball of radius r centered
at a j .)

(ii) U ′ ⊂ ⋃u
j=1 B0

(
a j ,

r
2

) × I .

Let n be an integer such that u ≤ 2n+1ε. Let A be the set of functions f ∈ H2,s
F (U )

whose restriction to any transversal {a j } × I is zero up to the order n. Then A is
a closed (FC)-submodule of H2,s

F (U ); the number of generators of the quotient Bs-

moduleH2,s
F (U )/A is less or equal to n · u. Let f ∈ A; in a neighborhood of {a j } × I

we have:

f (z, t) =
∞∑

�=n

f�(z − a j )
�.
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270 A. El Kacimi Alaoui

Let ρ ≤ r ; for any k = 0, . . . , s:

Jk( f, B0(a j , ρ))2 =
∞∑

�=n

πρ2�+2

� + 1

∣∣∣∣
dk f�
dtk

∣∣∣∣
2

thus:

Jk

(
f, B0

(
a j ,

r

2

))2 =
∞∑

�=n

πr2�+2

r2�+2(� + 1)

∣∣∣∣
dk f�
dtk

∣∣∣∣
2

≤ 2−2(n+1)
∞∑

�=n

πr2�+2

� + 1

∣∣∣∣
dk f�
dtk

∣∣∣∣
2

≤ 2−2(n+1)(Jk( f, B0(a j , r))2.

So, using the properties (i) and (ii):

Jk( f, Ut ) ≤
u∑

j=1

Jk( f, B0(a j , r))

≤ u · 2−n−1 Jk( f, Ut )

≤ εJk( f, Ut )

Taking the upper bound on t ∈ I and the maximum on k = 0, 1, . . . , s of the two
sides of this inequality, we obtain:

|| f ||s2,U ′ ≤ ε|| f ||s2,U ,

which gives the desired inequality. ♦
We have already observed that H2,s

F (U ) is a module over the Banach algebra Bs .

Let f, g ∈ H2,s
F (U ); for any t ∈ I , we set:

〈 f, g〉t =
s∑

k=0

∫

Ut

∂k f

∂tk
· ∂k g

∂tk
dμt .

For fixed t ∈ I , 〈 , 〉t is a Hermitian product on H2,s
F (Ut ) for which it is a Hilbert

space. The following lemma is almost immediate to establish.

Lemma 4.2 Let s ∈ N and f and g be two functions in H2,s
F (U ). The function

λ : I −→ C which associates to each t ∈ I the complex number 〈 f, g〉t belongs to
B0. Moreover there exists a positive constant C such that, for f, g ∈ H2,s

F (U ), we
have:

||λ||∞ ≤ C || f ||s2,U · ||g||s2,U
that is, the family of Hermitian forms ( f, g) �−→ 〈 f, g〉t is continuous.
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We say that two functions f, g ∈ H2,s
F (U ) are orthogonal if 〈 f, g〉t = 0 for any

t ∈ I . Of course, any orthonormal system is a free system over the ring Bs . Let
A ⊂ H2,s

F (U ); the orthogonal of A is the subset:

A⊥ =
{

f ∈ H2,s
F (U ) : 〈 f, g〉t = 0 for any g ∈ H2,s

F (U ) and any t ∈ I
}

.

Since for any fixed g ∈ H2,s
F (U ) the map f ∈ H2,s

F (U ) �−→ 〈 f, g〉t ∈ B0 is Bs-linear

and continuous, A⊥ is a closed submodule of the Bs-module H2,s
F (U ).

4.3 Orthogonal projections inH2,s
F (U)

Let V be a closed Bs-submodule ofH2,s
F (U ). Then there exists a continuous Bs-linear

map P : H2,s
F (U ) −→ V such that:

(i) For any g ∈ V , || f − P( f )||s2,U ≤ || f −g||s2,U that is, P( f ) realizes theminimal
“distance” from f to V .

(ii) For any f ∈ H2,s
F (U ) and any v ∈ V we have: 〈 f − P( f ), v〉t = 0 for any

t ∈ I .
(iii) If V is non trivial the norm |||P|||s2,U of P is equal to 1.

The map P is called the orthogonal projection from H2,s
F (U ) on V . The proof

of its existence is a slight adaptation of the classical one on a Hilbert space.

Proof (i) Let ε be a positive real number and f ∈ H2,s
F (U ). Let:

δs = inf
v∈V

|| f − v||s2,U .

Then there exists a sequence (vn) in V such that lim || f − vn||s2,U = 0 that is:

(|| f − vn||s2,U
)2 ≤ δ2 + ε2

for n sufficiently large and also Jk( f − vn, Ut )
2 ≤ δ2 + ε2 for any t ∈ I and any

k = 0, 1, . . . , s. Let t ∈ I . By the parallelogram identity we have:

Jk(( f − vn) − ( f − vp), Ut )
2 + Jk(( f − vn) + ( f − vp), Ut )

2

= 2{Jk(( f − vn), Ut )
2 + Jk(( f − vp), Ut )

2}.

Thus

Jk(vn − vp, Ut )
2 = 2

{
Jk( f − vn, Ut )

2 + Jk( f − vp, Ut )
2 − 2Jk

(
f − vn + vp

2
, Ut

)2
}

.
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Since:

Jk

(
f − vn + vp

2
, Ut

)2

≥ δ2

we obtain the inequality Jk(vn −vp, Ut )
2 ≤ ε2. Taking the upper bound over all t ∈ I ,

the maximum over k = 0, . . . , s, and the square roots we get ||vn −vp||s2,U ≤ ε which
shows that (vn) is a Cauchy sequence in V with respect to the norm || ||s2,U ; since V
is complete, this sequence converges to an element v ∈ V .

The uniqueness is a consequence of the fact that the construction of the projection
is unique for each fixed t ∈ I in the Hilbert spaceH2,s

F (Ut ). We set P( f ) = v. For the
same reason we deduce the property (ii) and the inequality ||P( f )||s2,Ut

≤ 1 which
implies assertion (iii) because P is the identity on V . ♦

4.4 Orthogonal Decomposition

This is an important consequence of the existence of orthogonal projections: for any
closed submodule V of H2,s

F (U ) we have an orthogonal decomposition: H2,s
F (U ) =

V ⊕ V ⊥.

AF-presheaf of vector spaces E on M is a presheaf which associates to anyF-open
set U a vector space E(U ) with the same conditions of restriction as for a presheaf in
the usual sense. It is a F-sheaf if, in addition, it possesses the property of gluing local
sections on F-open covers to global ones. A F-sheaf is fine if it is fine in the usual
sense for F-open covers. Let us give some:

4.5 Examples

(i) For any F-open set U , we associate the space Hb,s
F (U ) of functions on U of

class Cs which are F-holomorphic with locally bounded derivatives ∂k f
∂tk up to

the order s (locally bounded means bounded on subsets K0 × I where K0 is a
compact set of M0). Then we obtain a F-sheaf Hb,s

F on M .

(ii) For any F-open set U , we associate the spaceH2,s
F (U ) of functions on U which

are of class Cs ,F-holomorphic and such that the quantities Jk( f, Ut ) previously
defined are bounded for k = 0, . . . , s. So we obtain a F-presheaf H2,s

F on M .
(iii) For any F-open set U , we associate the space A0

b,s(U ) (resp. A1
b,s(U )) of func-

tions f [resp. foliated (0, 1)-forms] on U which are of class Cs , C∞ along the
leaves andwhose transverse derivatives ∂s f

∂t s up to the order s are locally bounded.
Then we obtain a F-sheaf A0

b,s (resp. A1
b,s).

LetU = {Ui } be a locally finiteF-open cover of M = M0× I . Let p : M0× I −→ M0
be the first projection and denote by Ui the open set p(Ui ). Let ρi be a C∞-partition
of 1 on M0 associated to the open cover U = {Ui } and set ρi = ρi ◦ p. For any i
and any s ∈ N, the function ρi is an element of A0

b,s(M) and the family {ρi } is a
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C∞-partition of unity associated to the F-open cover U = {Ui }. Using this partition
of unity {ρi } one can easily prove that the two F-sheaves A0

b,s and A1
b,s are fine.

4.6 Cohomology with Values in a F -Sheaf

The definition is the same as in the classical case. Let E be a F-sheaf on M and
U = {Ui } a F-open cover. For any integer q ∈ N we denote by Cq(U , E) the vector
space of families {ci0...iq } where ci0...iq is an element of E(Ui0 ∩ · · · ∩ Uiq ) (which, by
convention, is zero if the intersection Ui0 ∩ · · · ∩ Uiq is empty). As usual, we define a
linear operator δ : Cq(U , E) −→ Cq+1(U , E) by:

(δc)i0...iq+1 =
q+1∑
i=0

(−1)i ci0...î ...iq+1
.

This operator satisfies the relation δ2 = 0; thus we obtain a differential complex:

0 −→ C0(U , E)
δ−→ · · · δ−→ Cq(U , E)

δ−→ Cq+1(U , E)
δ−→ · · ·

whose cohomology is denoted H∗(U , E). If U ′ is a F-open cover finer than U we
have a morphism induced by restriction H∗(U , E) −→ H∗(U ′, E). The cohomology
H∗(M, E) of M with values in the F-sheaf will be, by definition, the inductive limit
of H∗(U , E) over F-open covers. The cohomology H∗(M, E) satisfies all the usual
known properties, for instance we have the:

4.7 Leray’s Theorem

Let U = {Ui } be an acyclic F-open cover that is, for any intersection Ui0 ∩ · · · ∩ Uiq ,
we have Hq(Ui0 ∩ · · · ∩ Uiq , E) = 0 for any q ≥ 1. Then H∗(M, E) = H∗(U , E).

For the proof see Godement (1959). We can easily show that, if E is F-fine, then
Hq(M,F) = 0 for q ≥ 1. We have also the:

4.8 Abstract de Rham Theorem

Let E a F . Suppose that F admits a resolution : 0 −→ E ↪→ E0 D0−→ E1 D1−→ · · ·
where each Eq is a fineF-sheaf. Then the cohomology H∗(M, E) is naturally isomor-

phic to the cohomology of the differential complex: 0 −→ E0(M)
D0−→ E1(M)

D1−→
· · · where, for each q, Eq(M) is the space of global sections of the F-sheaf Eq .

These two theorems will be of interest for our purpose. We can first remark that the
F-sheaf Hb,s

F admits a fine resolution:
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0 −→ Hb,s
F ↪→ A0

b,s
∂F−→ A1

b,s −→ 0.

Hence:

H∗(M,Hb,s
F ) = A1

b,s(M)/Im

(
A0

b,s(M)
∂F−→ A1

b,s(M)

)

where A0
b,s(M) and A1

b,s(M) are the spaces of global sections respectively of the

F-sheaves A0
b,s and A1

b,s .
Let U∗ = {U∗

i }i=1,...,n be a finite family of F-open sets such that each one of
them is equivalent to D × I (where D is the open unit disc in C) by a trivializa-
tion ϕi : D × I −→ U∗

i of the foliation F restricted to U∗
i . Let U = {Ui }i=1,...,n

be an other family of F-open sets such that Ui ⊂ U∗
i for any i = 1, . . . , n. We

shall introduce norms on the spaces C∗(U ,H2,s
F ). Let η = { fi } ∈ C0(U ,H2,s

F ) and

ζ = { fi j } =∈ C1(U ,H2,s
F ); we set:

||η||s2,U =
n∑

i=1

|| fi ||s2,Ui
and ||ζ ||s2,U =

n∑
i, j

|| fi j ||s2,Ui j
.

The0-cocyles and the1-cocycles constitute closed spaces Z0(U ,H2,s
F ) and Z1(U ,H2,s

F )

respectively of C0(U ,H2,s
F ) and C1(U ,H2,s

F ).
For each i = 1, . . . , n let Vi be a relatively compactF-open set ofUi and denote by

V the F-open cover {Vi }i=1,...,n . For any ζ ∈ Cq(U ,Hb,s
F ), we have ||ζ ||s2,V < +∞.

Applying Lemma 4.1, we easily prove that, for any ε > 0, there exists a closed
(FC)-submodule A in the Bs-module Z1(U ,H2,s

F ) such that:

||ζ ||s2,V ≤ ε||ζ ||s2,U for any ζ ∈ A.

Lemma 4.9 We take the same F-open covers U∗, U and V as before and we consider
a fourth one W = {Wi }i=1,...,n. We suppose that W � V � U � U∗. Then, for any
s ∈ N, there exists a constant Cs > 0 such that, for any ξ ∈ Z1(V,H2,s

F ), there exists

ζ ∈ Z1(U ,H2,s
F ) and η ∈ C0(W,H2,s

F ) with ζ = ξ + δη on W and:

max
(
||ζ ||s2,V , ||η||s2,W

)
≤ Cs ||ξ ||s2,U .

Proof Let ξ = { fi j } ∈ Z1(V,H2,s
F ). Then, using a same method proving Theorem

3.1, we easily establish that ξ ∈ Z1(V,A0
b,s). We have observed in Sect. 4.5. iii)

that the F-sheaf A0
b,s of functions of class Cs whose transverse derivatives up to

the order s are locally bounded is fine; hence H1(V,A0
b,s) = 0. Then there exists

{gi } ∈ C0(V,A0
b,s) such that:

fi j = g j − gi on Vi ∩ Vj .
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Since ∂F fi j = 0, we have ∂F gi = ∂F g j on Vi ∩ Vj ; hence the collection of (0, 1)-
forms {∂F gi } defines a foliated (0, 1)-form ω on the union |V| = V1 ∪ · · · ∪ Vn such
that ω|Vi

= ∂F gi . Because |W| is F-relatively compact in |V|, there exists a function
ψ ∈ A0

b,s(M), basic for the fibration (z, t) ∈ M = M0 × I �−→ z ∈ M0 and such
that:

supp(ψ) ⊂ |V| and ψ||W| = 1.

Then ψω can be considered as an element of A1
b,s(|U∗|). Since, by Ahlfors-Bers

Theorem Ahlfors and Bers (1960), for each i ∈ {1, . . . , n}, the F-open set U∗
i is

isomorphic to the product D × I , by Proposition 2.3 there exists a function hi ∈
A0

b,s(U
∗
i ) such that ∂Fhi = ψω|U∗

i
. But:

∂Fhi = ∂Fh j on U∗
i ∩ U∗

j ;

thus Fi j = h j − hi ∈ Hb,s
F (U∗

i ∩ U∗
j ). Denote by ζ the cocycle {Fi j }; since U � U∗,

ζ ∈ Z1(U ,H2,s
F ). On Wi we have ∂Fhi = ψω = ω = ∂F gi , hi − gi ∈ Hb,s

F (Wi )

and also hi − gi ∈ H2,s
F (Wi ) that is, the 0-cochain η = {hi − gi } is in C0(W,H2,s

F ).
So we easily see that, on Wi ∩ W j :

Fi j − fi j = (h j − g j ) − (hi − gi ) i.e. ζ − ξ = δη on W

which is exactly the desired relation.
Now, let:

E = Z1(U ,H2,s
F ) × Z1(V,H2,s

F ) × C0(W,H2,s
F ).

Equipped with norm ||(ζ, ξ, η)||sE = ||ζ ||s2,U + ||ξ ||s2,V + ||η||s2,W , E is a Banach
space. The subspace:

L = {(ζ, ξ, η) ∈ E : ζ = ξ + δη on W}

is closed and then is a Banach space. Since the map:

π : (ζ, ξ, η) ∈ L �−→ ξ ∈ Z1(V,H2,s
F )

is continuous and surjective, it is also open (by the Open Map Theorem). Hence there
exists a constant Cs > 0 such that, for any ξ ∈ Z1(V,H2,s

F ), there exists (ζ, ξ, η) ∈ L
satisfying π((ζ, ξ, η)) = ξ and:

||(ζ, ξ, η)||sE ≤ Cs ||ξ ||s2,V .

The constant Cs satisfies the desired inequality. ♦
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Lemma 4.10 Let the hypotheses be like in Lemma 4.9. There exists a finitely gen-
erated Bs -submodule S ⊂ Z1(U ,Hb,s

F ) satisfying the following property: for any

ξ ∈ Z1(U ,Hb,s
F ), there exists σ ∈ S and η ∈ C0(W,Hb,s

F ) such that:

σ = ξ + δη on W.

This means that the image of the natural Bs -linear map H1(U ,Hb,s
F ) −→

H1(W,Hb,s
F ) is a finitely generated Bs -submodule.

Proof Let Cs be the constant given in Lemma 4.9 and set ε = 1
2Cs

. By the Lemma 4.1

there exists a closed (FC)-submodule A ⊂ Z1(U ,H2,s
F ) such that:

||ξ ||s2,V ≤ ε||ξ ||s2,U for any ξ ∈ A.

Let S be the orthogonal of A in Z1(U ,H2,s
F ) [which is a finitely generated Bs-

submodule because A is a (FC)-submodule] that is:

Z1(U ,H2,s
F ) = A ⊕ S.

Let ξ ∈ Z1(U ,Hb,s
F ). Since V � U , ξ is in fact in Z1(V,H2,s

F ); let τ = ||ξ ||s2,V <

+∞.By Lemma 4.9, there exists ζ0 ∈ Z1(U ,H2,s
F ) and η0 ∈ C0(W,H2,s

F ) such that:

ζ0 = ξ + δη0 on W

with the inequalities ||ζ0||s2,V ≤ Csτ and ||η0||s2,V ≤ Csτ . On the other hand, ζ0
decomposes into a sum:

ζ0 = ξ0 + σ0 with ξ0 ∈ A and σ0 ∈ S.

Now we shall construct elements:

ζk ∈ Z1(U ,H2,s
F ), ηk ∈ C0(W,H2,s

F ), ξk ∈ A and σk ∈ S

with:

(i) ζk = ξk−1 + δηk on W;
(ii) ζk = ξk + σk (orthogonal decomposition);
(iii) ||ζk ||s2,U ≤ Csτ

2k and ||ηk ||s2,U ≤ Csτ

2k .

Suppose that these elements are constructed up to the rank k. Since ζk = ξk + σk we
have by the orthogonal decomposition:

||ξk ||s2,U ≤ ||ζk ||s2,U ≤ Csτ

2k
.
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This gives:

||ξk ||s2,V ≤ ε||ξk ||s2,U ≤ εCsτ

2k
≤ τ

2k+1 .

By Lemma 4.9 there exists ζk+1 ∈ Z1(U ,H2,s
F ) and ηk+1 ∈ C0(W,H2,s

F ) such that:

ζk+1 = ξk + δηk+1 on W.

and

max
(
||ζk+1||s2,U , ||ηk+1||s2,W

)
≤ Csτ

2k+1 .

The element ζk+1 admits an orthogonal decomposition:

ζk+1 = ξk+1 + σk+1 with ξk+1 ∈ A and σk+1 ∈ S.

Then we have constructed, up to the rank k + 1, the sequences (ξk), (ζk), (ηk) and
(σk) with the desired properties. By ζ0 = ξ + δη0 and the points (i) and (ii) we have
(up to rank k):

(∗) ξk +
k∑

�=0

σ� = ξ + δ

(
k∑

�=0

η�

)
onW.

From (ii) and (iii) we deduce that:

max
(
||ξ�||s2,U , ||σ�||s2,U , ||η�||s2,W

)
≤ Csτ

2k
.

Thus limk ξk = 0 and the series
∑∞

k=0 σk and
∑∞

k=0 ηk converge respectively to
elements σ ∈ S and η ∈ C0(W,H2,s

F ). In fact, by Theorem 3.1:

σ ∈ S ∩ Z1(U ,Hb,s
F ) and η ∈ C0(W,Hb,s

F ).

From (∗) we obtain σ = ξ + δη onW . This ends the proof of the lemma. ♦
Theorem 4.11 Suppose that M ′ = M ′

0 × I and M ′′ = M ′′
0 × I are F-open sets of M

an that M ′
0 is contained and relatively compact in M ′′

0 . Then the image of the natural

morphism H1(M ′′,Hb,s
F ) −→ H1(M ′,Hb,s

F ) induced by the restriction is a finitely
generated Bs -module.

Proof Let U∗, U , V and W four F-open covers as in Lemma 4.10 and such that:

(i) M ′ ⊂ ⋃n
i=1 Wi =: M1 and is relatively compact in M2 := ⋃n

i=1 Ui ⊂ M ′′;
(ii) the U∗

i , Ui and Wi are isomorphic to D × I .
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By Lemma 4.10, the image of the morphism H1(U ,Hb,s
F ) −→ H1(W,Hb,s

F ) is
a finitely generated Bs-module. On the other hand, the F-open covers U and W are
acyclic; then byLeray’s theorem, H1(U ,Hb,s

F ) = H1(M2,Hb,s
F ) and H1(W,Hb,s

F ) =
H1(M1,Hb,s

F ). Then the result follows from the canonical factorization:

H1(M ′′,Hb,s
F ) −→ H1(M2,Hb,s

F ) −→ H1(M1,Hb,s
F ) −→ H1(M ′,Hb,s

F ).

The theorem is then proved. ♦
Corollary 4.12 Suppose that all leaves are compact (they are all diffeomorphic to a
compact Riemann surface of genus g ≥ 2). Then H1(M,Hb,s

F ) is a finitely generated
Bs -module.

Question 4.13 Suppose that all leaves are compact. Is the Bs -module H1(M,Hb,s
F )

free? If this is the case, is its dimension equal g?

Now we have amassed all that is necessary to prove the Main Theorem. It is imme-
diate to see that it follows from the following one.

Theorem 4.14 Let M ′ = M ′
0×I be aF-open set of M with M ′

0 relatively compact and
strictly contained in M0. Then for any a ∈ M ′

0, there exists a F-meromorphic function
f : M ′ −→ C nonconstant on any leaf, with set of poles {a} × I and F-holomorphic
on M ′\{a} × I .

Let us first recall a result on modules of finite type illustrated in the following lemma.
Its proof can be found for instance in Atiyah and McDonald (1969) (Proposition 2.4
p. 21).

Lemma 4.15 Let E be a finitely generated module over a ring R, a an ideal of R and
θ an R-endomorphism of E such that θ(E) ⊂ aE. Then there exists a1, . . . , an ∈ a
such that θn + a1θn−1 + · · · + an−1θ + an = 0.

Proof of Theorem 4.14 Let U1 be a F-open neighborhood of {a} × I isomorphic to
D × I by a diffeomorphism (which is a biholomorphism on the leaves) ϕ1 : U1 −→
D × I sending {a} × I on {0} × I ; by restricting the open set U1 if necessary we
can assume that the transverse derivatives (up to the order s) of ϕ1 are bounded.
Denote by U2 the open set M\{a} × I . Then U = {U1, U2} is a F-open cover of M .
For each j ∈ N

∗, the function 1
ϕ(·,0) j is in Hb,s

F (U1 ∩ U2) and represents a cocycle

ζ j ∈ Z1(U ,Hb,s
F ). By Lemma 4.10 the image of the Bs-morphism:

H1(U ,Hb,s
F ) −→ H1(U ∩ M ′,Hb,s

F )

is a finitely generated Bs-module E . Applying Lemma 4.15 to the Bs-module E , the
ring R = Bs , its ideal a = Bs and the morphism θ : g ∈ E �−→ ζ1g ∈ E one can
find elements a1, . . . , an ∈ Bs such that: θn + a1θn−1 + · · · + an−1θ + an = 0. The
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value of the morphism � = θn + a1θn−1 + · · · + an−1θ + an at the constant function
χ = 1 gives a cocyle:

�(χ) = θn(χ) + a1θ
n−1(χ) + · · · + an−1θ(χ) + an(χ)

which is cohomologous to zero. This means that there exist elements c1, . . . , cn+1 ∈
Bs and a 0-cochain η = { f1, f2} ∈ C0(U ∩ M ′,Hb,s

F ) such that:

c1ζ1 + · · · + cn+1ζn+1 = δη on U ∩ M ′

that is:

c1ζ1 + · · · + cn+1ζn+1 = f2 − f1 on U1 ∩ U2 ∩ M ′.

The desiredF-meromorphic function on M ′ is defined by: c1ζ1+· · ·+cn+1ζn+1+ f1
on U1 ∩ M ′ and f2 on U2 ∩ M ′. ♦
Corollary 4.16 We take the same hypotheses as previously and suppose that M ′ is
not the whole manifold M. Then there exists a F-holomorphic function f : M ′ −→ C

which is not constant on any leaf of any connected component of M ′.

Proof Let M ′′ = M ′′
0 × I be a F-open set of M where M ′′

0 is a relatively compact
open set of M0 containing M ′

0 in which the latter is relatively compact. We apply then
the preceding theorem by taking a ∈ M ′′

0 \M ′
0. ♦

5 Examples

In this section we give examples of differentiably trivial fibrations but far to be even
locally trivial in the complex sense.

5.1 Leaves are Simply Connected

Let π : M −→ B be a differentiably trivial fibration whose fibers are holomorphically
equivalent to the unit disc D (or the half plane H). Then, by Ahlfors–Bers Theorem
(Ahlfors and Bers 1960) it is isomorphic to the product D× B as a complex foliation.
As this case is not interesting for us here we shall give an example with parabolic
leaves that is, each leaf is individually isomorphic to C but the complex foliation we
obtain is not equivalent to a complex product.

Denote by P1(C) the complex projective space of dimension one. Let I =]0, 1[
and φ : I −→ P1(C) be a Ck-map which is not Ck+1. Let M = P1(C) × I\G where
G is the graph of φ. This is a differentiable trivial fibration over I all of whose fibers
are isomorphic to C and the complex structure on the fibers varies in a C∞ way in
the transverse direction. We obtain a complex foliation F whose leaves are the fibers
of the trivial fibration π : M −→ I where π is the restriction to M of the second
projection (z, t) ∈ P1(C) × I �−→ t ∈ I .
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The complex foliation F on M constructed above is not Ck+1-equivalent to the
complex product C × I .

Indeed, suppose that there exists a Ck+1-diffeomorphism � : C× I −→ M which
is holomorphic between the fibers. In the coordinates on M given by its inclusion in
P1(C) × I , this map � is necessarily of the form:

�(z, t) =
(

t,
a(t)z + b(t)

c(t)z + d(t)

)

(where, for each fixed t ∈ I ,

(
a(t) b(t)
c(t) d(t)

)
is a matrix in SL(2,C)) because any

holomorphic embedding ofC in P1(C) is given by a Moëbius map. From the fact that
� is Ck+1 we see that the functions a, b, c and d are Ck+1 on t . Then φ is also Ck+1

because:

φ(t) = �(∞, t) = a(t)

b(t)
.

5.2 Leaves are Annulus

The following example is more or less the one given in Sect. 1.2 for the open set N
(Example v). Let I =]0,+∞[ and M̃ = H× I . We have an action� of Z on M̃ given
by :

�(k, (z, t)) = (tk z, t).

This action is free and proper; moreover it is holomorphic on each leaf H× {t} of the
product complex foliation F̃ . Then it defines a complex foliation F on the quotient
M = M̃/�which is differentiably isomorphic to the product (H/�t )× I where�t is
the loxodromy �t (z) = t z. The complex foliation F is not a locally trivial fibration.
Indeed, because each leaf (H/�t ) × {t} is an annulus whose complex structure is
coded by the ratio t , two different leaves H/�t × {t} and H/�t ′ × {t ′} with t �= t ′)
cannot be holomorphically equivalent.

5.3 Remark

In Example 5.1 the leaves are simply connected (all parabolic) and in Example 5.2 they
have Z as common fundamental group. In these two cases it was proved in El Kacimi
Alaoui (2010) that the first foliated Dolbeault cohomology group H01

F (M) is trivial.
This permits to give a more stronger foliated version of Mittag–Leffler Theorem.
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5.4 Fundamental Group of Leaves is Non Abelian

Let M̃ = H× I . Fon any t ∈ I let φt be the Moëbius transformation ofH defined by:

φt (z) = z + 1

t z + (1 + t)
.

The family of matrices �t (indexed by t) in the group SL(2,R) corresponding to the
family φt is:

�t =
(
1 1
t (1 + t)

)
.

Easy calculations show that, on the interval I =] − 1
2 , 0[:

• The matrices �t and �t ′ have different eigenvalues for t �= t ′; then �t and �t ′
are not conjugated in SL(2,R).

• Each φt has a unique fixed point z0(t) in H.
• The family {z0(t)}t∈I is the graph G in H × I of a C∞-function α : I −→ H.

Let a be a point in H different from z0(t) for any t ∈ I . For each t ∈ I , let Ot (a)

be the orbit of a under the action of φt . Let:

M̃ = H × I\
{
G ∪

(⋃
t∈I

Ot (a)

)}
.

For each t ∈ I , M̃ is a φt -invariant open set of H × I and then it supports the action
� of Z defined by:

�(k, (z, t)) = (φk
t (z), t).

This action is free and proper; so the quotient M = M̃/� is a manifold diffeomorphic
to a product M0 × I (where M0 is a noncompact Riemann surface) with a complex
foliation F . Each leaf Lt of F is the quotient of:

H\ (Ot (a) ∪ {z0(t)})

by the automorphismφt . Because thematrices�t and�t ′ are not conjugated for t �= t ′,
the two leaves Lt and Lt ′ are not holomorphically equivalent. Then the foliation is not
a locally trivial fibration in the complex sense.

In this example all leaves are diffeomorphic. Then they have the same fundamental
group: the free non Abelain group generated by a countable infinite set.
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5.5 All Leaves are Compact

Let ϕ : ω �−→ ω′ = aω+b
cω+d be a non trivial biholomorphism of H [where

(a b
c d

)
is an

element of SL(2,R)]. The map:

� : (p, (z, ω)) ∈ Z × C
∗ × H �−→ (e−i pϕ(ω)z, ω) ∈ C

∗ × H

is a free and proper holomorphic action of Z on M̂ = C
∗ × H. It preserves the

foliation F̂ whose leaves are the factors C
∗ × {ω} (in fact the action � preserves

each leaf individually). The quotient space M = C
∗ ×H/� is a complex manifold of

dimension 2. The induced complex foliationF on M has dimension 1 and all its leaves
are elliptic curvesTω; the complex structure of eachTω depends onω ∈ H. Two leaves
Tω and Tω′ are isomorphic if, and only if, there exists a matrix B ∈ SL(2,Z) such
that ϕ(ω′) = Bϕ(ω). The complex equivalence class of a leaf is then a countable set.
Hence this foliation is not a locally trivial complex fibration even if it is a differentiable
product.
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